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Near-Wall Modeling of the Dissipation Rate Equation
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Near-wall modeling of the dissipation rate equation is investigated and its asymptotic behavior is studied in
detail using a A>e model. It is found that all existing modeled dissipation rate equations predict an incorrect
behavior for the dissipation rate near a wall. An improvement is proposed and the resulting near-wall dissipation
rate distribution is found to be similar to that given by numerical simulation data. To further validate the
improved k-£ model, it is used to calculate flat-plate turbulent boundary-layer flows at high- as well as low-
turbulence Reynolds numbers, and the results are compared with measurements, numerical simulation data,
and the calculations of three different two-equation models. These comparisons show that all the models tested
give essentially the same flow properties away from the wall; significant differences only occur in a region very
close to the wall. In this region, the calculations of the improved k-£ model are in better agreement with
measurements and numerical simulation data. In particular, the modeled distribution of the dissipation rate is
significantly improved and a maximum is predicted at the wall instead of away from the wall. Furthermore,
the improved k-e model is found to be the most asymptotically consistent among the four different two-equation
models examined.

I. Introduction

T URBULENCE modeling has made significant advances
in the past two decades, particularly in the prediction of

high-Reynolds-number flows. With the development of ad-
vanced numerical techniques, full Reynolds-stress models can
now be applied with ease to calculate complex flows with and
without added geometric complexity. In most calculations,
the isotropic diffusivity and wall function assumptions are
invoked to deal with near-wall flows. However, these as-
sumptions are found to be less and less appropriate when
improved accuracy could be achieved by applying advanced
numerical techniques to solve the equations and when the
complexities of the flow increase. Consequently, these sim-
plifying assumptions have to be abandoned for the calculation
of highly complex turbulent flows.1 ~10 These assumptions are
even more questionable when used to calculate flows with
heat and mass transfer. For example, nonbuoyant heat trans-
fer measurements11'12 show that the streamwise heat flux is
two to three times larger than the normal heat flux even under
the condition of a relatively small streamwise temperature
gradient. In some vertical heated pipe flow experiments, the
axial heat flux was measured upward instead of downward as
dictated by the eddy diffusivity assumption.13-14 These and
other reasons motivate the many contributions made to the
development of low-Reynolds-number near-wall turbulence
models.1-2-6'15-17

Although much progress has been achieved in recent years
in the modeling of the Reynolds-stress and heat-flux transport
equations,15-16 the modeling of the equations that govern the
transport of the dissipation rate of turbulent kinetic energy
and temperature variance, on the other hand, is still rather
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primitive. The reason is that the exact equations are very
complicated and involve terms that are either not known or
very difficult to measure. As a result, the dissipation rate
equations are usually modeled to give a viscous and a tur-
bulent diffusion term, a mean-strain production term, and a
viscous dissipation term. The models proposed for these terms,
with the possible exception of viscous diffusion, are ad hoc
at best. Therefore, it is not surprising that these equations do
not perform well when extended to calculate near-wall
flows.2'6-15'17

This paper makes an attempt to model the dissipation rate
equation in the near-wall region while delaying the study of
the modeling of the dissipation rate of the temperature var-
iance equation to a later report. In the following section, the
near-wall behavior of existing dissipation rate equations is first
examined. A proposed improvement is then suggested. The
validation of the improved dissipation rate equation is carried
out using a two-equation model and the predicted near-wall
behavior is compared with measurements and with direct nu-
merical simulation (DNS) data.

II. Near-Wall Behavior of Existing
Dissipation Rate Equations

According to the near-wall Reynolds-stress model of Lai
and So,15 the dissipation and velocity pressure-gradient cor-
relation terms could be modeled to satisfy the asymptotic
near-wall behavior of the exact terms in the Reynolds-stress
equation. If this approach is adopted, good predictions of
low-Reynolds-number plane channel flows18'19 are obtained.
The only exception is the near-wall distribution of the dissi-
pation rate, e. DNS data19 show that e reaches a plateau in
the near-wall region before it increases to a maximum at the
wall. The model prediction, on the other hand, gives a max-
imum away from the wall and a wall value that is about half
that of the DNS result. When the model is applied to calculate
a curved channel flow,20 the same behavior is obtained. In
spite of the discrepancy noted in the prediction of e, the near-
wall behavior of all other turbulence properties are calculated
correctly, including the wall friction velocities on the convex
and concave side of the channel.17 These results seem to sug-
gest that the prediction of e near a wall is not affected by the
modeled Reynolds-stress equation. Rather, it is influenced
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by the modeled e equation. Further evidence in support of
this conclusion can be gleaned from the heat transfer calcu-
lations of Ref. 16.

The complicated exact e equation could be modeled to give4

C£ = Dl + DI-+ PE - D£ + (1)

where the terms from left to right, respectively, represent
convection, viscous diffusion, turbulent diffusion, mean-strain
production, viscous dissipation of e, and an ad hoc near-wall
correction for De. Various arguments6-21-22 have been used to
justify the inclusion of £ in Eq. (1) and different approaches
have been proposed for the determination of £. Most ap-
proaches rely on a first-order near-wall balance of the e equa-
tion.21'22 However, Shima6 proposes to consider the coinci-
dence condition

(2)=

dt ~ dt

which is guaranteed by the exact equation but not necessarily
by the modeled equation. In Eq. (2), k is the turbulent kinetic
energy, v is fluid kinematic viscosity, Xj is the yth component
of the spatial coordinate, and t is time. The near-wall Reynolds-
stress model15"17 adopts this idea to derive f. Even then, the
predicted e distribution near a wall is incorrect. %

According to Mansour et al. ,23 this incorrect behavior could
be traced to the models proposed for P£ and De. Their analy-
sis shows that existing models for P£ and De, such as P£ =
Cel(elk)P and De = Ce2(eelk) underpredict P£ and De in the
region 0 < y+ < 15. Here, Cel and Ce2 are model constants,
P is the production of A:, e = e - 2v(d\fkldx^2, y+ =
yujv, UT is the friction velocity, and y is the normal coordinate
measured from the wall. As a result, they suggest modifying
Pe and De by multiplying them by/i and/2, respectively. These
are damping functions whose values quickly approach one for
large y +. They use DNS data to determine /t and /2 and then
apply the numerically determined/i and/2 to Pe and De. The
resultant k-e model calculations give excellent agreement with
DNS data. They also point out the importance of modeling
the turbulent shear stress, — uv. In general, — uv is given by

-uv = vjdU/dy) = C^(k2/e)(dU/dy) (3)

for simple wall shear flows, where (/is the mean flow velocity,
/M is a damping function, and C^ is a model constant. The
analysis of Ref. 23 shows that the behavior of /^ near a wall
has a significant effect on the overall calculated k and e.

Recently, Myong and Kasagi24 suggested that if/^ is mod-
eled to give a near-wall behavior of y ~l as compared to a
conventional behavior22'23 of y, then, only De needs to be
damped. In other words, fl can be set equal to one and they
propose a new/2 based on a form first put forward by Hanjalic
and Launder.4 Their k-e model calculations are in good agree-
ment with measurements. However, their calculated e distri-
bution near a wall is no different from those given in Refs.
6, 15-17, 21, and 22 and is contrary to that shown in Ref.
23. A variety of other two-equation models have been ana-
lyzed by Speziale et al.25 Again, their calculated e behavior
for a boundary-layer flow is contrary to that given in Ref. 26
and is similar to those given in Refs. 6, 15-17, 21, 22, and
24. Their results are calculated based on an /M that behaves
like v"1 near a wall. With the exception of e, all other tur-
bulence properties are predicted correctly in comparison to
the data collected in Ref. 22. Once again, their results tend
to show that the problem of the incorrect near-wall behavior
of e is associated with the equation for the turbulent time
scale.

In the past, most of the models for /M gave a near-wall
asymptotic behavior of y (e.g., see Ref. 22). However, this
behavior is not consistent with the near-wall behavior of the

turbulent shear stress. This could be easily seen by expanding
the turbulent fluctuations in terms of y near a wall. If the
incompressible condition is invoked, u, v, and w could be
represented by the following expansions:

u = a^y + b^y2 + c^y3 + - - • (4a)

v = b^2 + c^3 + • • • (4b)
w — a?y + ^3.y2 + c^y3 + • • • (4c)

where ah bh and c, are random functions of x, z, and t. Here,
w, v, and w are the velocity fluctuations taken along the x,y,
and z axes, respectively. Therefore, — uv varies as v3 and k
varies as y2 near a wall. According to e = i^(du/dxk)2

9 the use
of Eq. (4) results in a finite e at the wall. Here, ut is the /th
component of the fluctuation velocity and xk is the kth com-
ponent of the coordinate. Since the behavior of t/is linear in
y near a wall, according to Eq. (3), /M has to behave like y ~l

in order to give a y3 behavior for — uv. In other words, if the
near-wall numerical simulation behavior of e is to be properly
reproduced, the asymptotic behavior of the turbulent shear
stress has to be correctly modeled. This means that the sug-
gestion of Ref. 24 and 25 for/M should be adopted for Eq. (3).

An attempt is now made to utilize all these findings to seek
modifications to P£ and De so that the resultant e distribution
mimics DNS data18"20'26 in the near-wall region. In this first
attempt, the assumption is made that P£ does not need cor-
rection. The only near-wall correction is to De which is col-
lected into an additional £ function. Since the same e equation
is used for both the k-e and Reynolds-stress models, it is
prudent to start with the k-e model. When deriving the near-
wall correction for f, certain constraints are imposed. These
are the correct behavior of — uv and/M in the near-wall region,
the accurate predictions of k and e as well as their limiting
behavior near a wall, and an asymptotic approach of the k-e
model to its high-Reynolds-number version far away from a
wall. In this way, the success of the model far away from the
wall is assured. Through this analysis, it is believed that the
extent of the influence of the near-wall correction on the
modeled boundary-layer flow can be assessed.

III. Near-Wall Modeling of the
Dissipation Rate Equation

In this investigation, stationary, two-dimensional thin shear
layers or fully developed turbulent flows are considered.
Therefore, only the gradient normal to the flow direction is
important and the turbulent shear stress is given by -uv
alone. Thus simplified, the k and e equations become

dt dx dy dy \"dy
d i vt dk\ dU+ — -t — 1 - uv— - e

dy \ ak dy/ dy

de_ de_ */— = —{ ^£

dt dx dy ~ dy
+ .

e

(5)

(6)

where crk, cre, Cel, and Ce2 are model constants, U and V are
the mean velocities along x and v, respectively, and vt is given
by CJJ&le. In writing down these equations,/! = /2 = 1 has
been assumed and £is the only function introduced to account
for wall effects. Furthermore, the dissipation term is written
in terms of e so that it will approach a finite value at the wall.
The wall boundary conditions for k and e are given by kw =
0 and ew = 2v(d\/k/dxj)2

v where the subscript w is used to



DECEMBER 1991 NEAR-WALL MODELING OF THE DISSIPATION RATE EQUATION 2071

denote conditions at the wall. In practice, the Dirichlet bound-
ary condition, ew = 2vk/y2, could also be used provided that
y is sufficiently close to the wall. It is asymptotically equivalent
to the actual boundary condition, and could enhance numer-
ical robustness of the calculations. However, in this investi-
gation, the actual boundary condition for ew is used in all
calculations. On the other hand, external boundary conditions
depend on the type of flows considered. For boundary-layer
flows, the conditions kx = 0 and ex = 0 are appropriate.
Here, subscript <*> is used to denote the edge of the boundary
layer. For internal flows with a symmetry axis, the conditions
dkldt] = 0 and de/drj = 0 could be specified, where 17 is a
coordinate normal to the symmetry axis.

The coincidence condition of Shima6 is used to derive f .
Based on Eq. (4) and the definition of e, expansions for k
and e in terms of y could be derived. The result is

k = ay2 + by3 + cy4 +

s = 2av + 4bvy + dvy2

(7a)

(7b)

where a, 6, c, and d are functions of* and z, and are related
to the time-averaged correlations of ai7 bh and ct and their
derivatives. According to Shima,6 ds/dt could be evaluated
from the exact e equation and could be shown to be given by
( - 2dv* + 24ci?) at the wall. If the suggestion of Lai and So15

is adopted for £, then

(8)

where s* = s — 2My2 and TV and M are to be determined,
and/w 2 = e~(Rt/64^2 is a damping function introduced to ensure
that £ would vanish far away from the wall. Here, e* = e —
2My2, and Rt = k2lve is the turbulent Reynolds number.
Using Eqs. (4) and (7), the asymptotic behavior of the various
terms in Eq. (6) could be determined. The convective terms
are found to be of 0(y2), while the turbulent diffusion term
is deduced to be of 0(^2) if vt is taken to be of 0(y3). Similarly,
the production term is estimated to be of 0(y). On the other
hand, the remaining terms could be shown to behave as:

d[vde/dy]/dy = 2dv* + 0(» (9a)

eelk = 2it(d - b2/2a - 6c) + 0(v) (9b)

0(y) (9c)

After substituting Eq.(9) into Eq. (6) and using (-2dv1 +
24CV2) for deldt, the values of N and M are found to be (2 -
Ce2) and -1/2, respectively.

In evaluating de/dt, Shima6 assumed the shear flow to be
essentially one-dimensional. As a result, the contributions of
many terms in the exact e equation are neglected. This means
that the values of TV and M thus determined are approximate
at best and could be varied to give optimum predictions of
near-wall flows. The £ function as determined above is used
in the near-wall k-e model proposed in Eqs. (5) and (6) to
calculate flat-plate boundary-layer flows reported in Refs. 22
and 27. In addition, Myong and Kasagi's two-equation model24

is used to calculate the same flows so that their results could
be compared with the present calculations. The set of model
constants chosen are: CM = 0.096, Cel = 1.5, Ce2 = 1.83, ak
= 0.75, and cre = 1.45. As for/A, the proposal of Ref. 25 is
adopted, or

J tanh(y+/115) (10)

/M has been discussed in detail in Refs. 24 and 25. Therefore,
it is not repeated here.

Preliminary calculations reveal that the results thus ob-
tained are essentially the same for the two models examined,
including the behavior of e in the near-wall region. The pres-
ent model does give a higher value for ew\ however, the max-
imum e still occurs away from the wall, rather than at the
wall as indicated by DNS data.18-26 This is believed to be a
consequence of an incorrect determination of N and M. In
order to optimize the values of TV and M so that the calculated
boundary-layer characteristics, including the near-wall be-
havior of £, are fairly correct, the £ function is rearranged to
give

- 0.5) —
K

(ii)

Since the lowest order term of ee/e*2 in the near-wall region
is a constant, as indicated by Eqs. (9b) and (9c), the coefficient
(Ce2e£/e*2 - 0.5) could be replaced by a constant M{. This
new £ function is again used to calculate the boundary-layer
flows of Refs. 22 and 27. A computer optimization study
reveals that the same boundary-layer properties as before are
predicted if Ml = 1.5 is assumed. Furthermore, with this value
of Ma, the near- wall distribution of e is found to be very similar
to that given by DNS data,18'26 namely, e reaches its maximum
value at the wall. In view of this, the £ function given in Eq.
(11) with Ml = 1.5 is recommended for the improved k-s
model.

Once £ has been determined, the e equation could be ar-
ranged in a form similar to those of Refs. 4, 23, and 24. In
other words, the terms P£ and De in Eq. (1) are multiplied
by damping functions fl and/2, respectively. Thus rearranged,
the functions fa and /2 could be deduced as fa = I and

where the constant in/M is chosen to be 115 for the present
investigation. It should be pointed out that the derivation of

This compares with /2 = [1 - (2/9) exp(-/?2/36)][l -
exp( -.y +/5)]2 proposed by Myong and Kasagi.24 The proposal
of Ref. 24 is rather empirical; however, the above approach
serves to illustrate how /2 could be derived from a consider-
ation of the turbulence equations. It should be pointed out
that the derivation is by no means unique. Furthermore, writ-
ing the e equation in this form does not provide any real
benefit to its solution. Therefore, in the following, the E equa-
tion as given in Eq. (6) with f defined by Eq. (11) is used to
carry out all calculations.

IV. Validation of Improved
Dissipation Rate Equation

In order to validate the improved k-e model, further com-
parisons are carried out with data18'26"28 and with the calcu-
lations of three different two-equation models. One is the k-e
model given in Ref. 24, another is the k-r model proposed in
Ref. 25, while a third is the k-a> model put forward by Wil-
cox.29 Only limited comparisons will be made with the k-a)
model since it is not asymptotically consistent (this model was
not formulated to yield accurate near-wall values for k, £,
and -MV). All three models, in particular the k-co model,
have been validated against a variety of boundary-layer flows
and have been found to be quite successful in their predictions
of different boundary-layer characteristics. However, their
predictions of the near-wall flow have not been examined in
detail, in particular, the internal consistency of the models.
The objectives of this validation are to assess the predictions
of the near-wall flows and to examine the asymptotic con-
sistency of the different models.
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Table 1 Comparison of calculated wall properties with data for the R0 = 1410 case

Data/Closure
DNS -boundary layer26

DNS-channel flow18

Measurements- channel flow28

Improved k-e
k-e (Myong & Kasagi24)
k-r (Speziale et al.25)
k-a) (Wilcox29)

Cf x 103

4.10
6.04
5.94
3.96
3.81
3.82
3.86

**
0.130
0.083
0.110
0.105
0.049
0.040

—

auv x 104

13.0
7.2
8.5
7.41
7.18
6.30
—

k + ls+y^

0.50
0.50
—

0.50
0.49
0.48
—

Near a wall, expansions (4) and (7) could be rearranged to
give

k+ = aky+2 4-

e+ = 2ak

-uv+ = auvy+3

(13a)

(13b)

(13c)

where k+ = k/u2, e+ — svlu*, -uv+ = — uv/u2, and the
coefficients ak, bk, and auv are functions of x and z only.
Therefore, it can be deduced that k+/e+y+2 is exactly 0.5 at
the wall and is a good measure of the asymptotic consistency
of the models. Also, according to DNS data,18'26'25 ak varies
from 0.083 to 0.13 while auv x 104 spans a range of 7,2-13.0.
These values are used to assess the accuracy of the four models
examined.

Two sets of boundary-layer data are chosen for comparisons
with calculations. One is the high-Reynolds-number meas-
urements of Ref. 22 and 27 and another is the low-Reynolds-
number DNS data of Ref. 26. In the measurement case, the
comparisons are made at a location of x = 5 m with Rx =
1.156 x 107 and Re = 16,465, where Rx and Re are the
Reynolds number based on x and the momentum thickness
6, respectively. Three cases at different Rd ranging from 300
to 1410 are presented in Ref. 26. A detailed comparison of
the Re = 1410 case is carried out because k budget data is
also available for this case. In this way, the ability of the
different models to predict near-wall flows over a wide range
of Re can be assessed.

The first comparison is carried out with the DNS data of
Spalart.26 Four different two-equation models are used to
calculate the case where Re = 1410. Comparisons shown in
Figs. 1-4 are made with the distributions of u +, k+, e+ ,
and -uv+ vs v + , while the limiting values of k+, e +, and
- uv+ are tabulated in Table 1. It should be pointed out that
the k-a) model is not consistent asymptotically, therefore, its
limiting values are not listed in the table. As far as near-wall
flows are concerned, they are similar for internal as well as
for external flows. Therefore, the channel flow data of Refs.
18 and 28 are also included in Table 1 for comparison. The
data from Ref. 18 are obtained from direct numerical simu-
lation at RD = 6500, where RD is the Reynolds number based
on channel width and centerline velocity. On the other hand,
the measurements of Ref. 28 are obtained at RD = 7510.
Since e is not reported in Ref. 28, k+le+y+2 could not be
determined. From this tabulation, it can be seen that there
are great differences between the values reported for ak and
auv (Table 1). Also, Cf for the boundary-layer flow is sub-
stantially lower than the channel flow values. The reason is
the corresponding Re for the channel flow is lower than that
of the boundary-layer flow. Therefore, when comparing cal-
culations with channel flow data, a Cf comparison should be
avoided. The comparison should be carried out with the
asymptotic behavior of the turbulence characteristics only,
because these values are relatively independent of Reynolds
number.

Predictions of the mean velocity field by the four different
two-equation models are essentially similar. This means that

the mean velocity distribution is not too sensitive to the pro-
posed near-wall correction (Fig. 1). As a result, the u+ vs
tity* plots for the four models listed in Table 1 are essentially
identical and the log region can be described by

+ B (14)

where the von Karman constant, K, is determined to be 0.35
and smaller than K = 0.41 given by DNS data (Fig. 1). In
other words, all two-equation models predict an earlier de-
parture from true behavior as the Reynolds number is de-
creased. The constant B is calculated to be 4.4 and is sub-
stantially smaller than the DNS value of 5.0. This essentially
is a consequence of the difference in AC. The distributions of
k+, e+, and — uv+ away from the wall are practically identical
for the four models studied. Therefore, they are not shown
here. However, there are substantial differences in the near-
wall region (Figs. 2-4). First, the predicted ak is largest for
the improved k-e model and smallest for the other models
(Table 1). According to DNS data, ak = 0.13. The present
prediction gives a value of 0.105, Even though this value is
not quite correct compared to the DNS data of Refs. 18 and
26, it is in agreement with the channel flow measurement of
Ref. 28. As for the other models, their predictions of ak are
substantially lower than the data collected in Table 1. Second,
the calculated k+ distribution from the improved k-e model
is only slightly higher than the DNS result: however, the other
calculated distributions are lower than the DNS data (Fig. 2).
It can be seen that the lowest maximum k+ value is given by
the k-T model. Third, with the exception of the improved k-e
model, all models examined give an e+ distribution that reaches
a maximum away from the wall and then drops to a finite
value at the wall (Fig. 3.). In the case of the k-w model, the
wall value of e+ is very close to zero. On the other hand, the
present prediction of e+ gives a plateau at about the same
location where the other models produce a maximum. There-

u + = Y l n y + + B

- Improved k-e
- Myong and Kasagi24

Speziale et al.25

lny+

Fig. 1 Calculated mean velocities in semilog plot (Re = 1410).
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Spalart26

——— Improved k-e
- - - - - Myohg and Kasagi24

Speziale et al.25

y+

Fig. 2 Comparison of the calculated k in the near-wall region (Re =
1410).

0.8-

-uv+

Spalart2

._ ._ ._ ._ improved k-e
- - - - - Myong and Kasagi2"

Speziale et al.2*

0 10 20 30 40 50 60 70 80

y+

Fig. 4 Comparison of the calculated shear stress in the near-wall
region (R0 = 1410).

———— Spalart26

— — — — improved k-e
- - - - - Myong and Kasagi24

• • • - - • - Speziale e t al.25

ak = 0.105

Improved k-e
Myong and Kasagi24

——- Speziale et al.25

40 0 60 80 100r2

Fig. 5 Asymptotic behavior of k+ (R0 = 1410).

Fig. 3
1410).

Comparison of the calculated e in the near-wall region (Re =

after, s+ increases to a maximum at the wall. A comparison
of this behavior with DNS data26 reveals that the near-wall
behavior of e+ is similar to that given by DNS; however, the
present prediction is lower than the calculation of Ref. 26. It
should be noted that when compared with the data of Ref. 18,
the present near-wall s+ prediction is higher than the channel
flow calculation. In spite of this discrepancy, the prediction
of the k budget is in excellent agreement with DNS data.26

More will be said about this later when the k budgets are
compared. Finally, the near-wall comparison of - uv+ is shown
in Fig. 4, All model calculations are similar and in fairly good
agreement with DNS data.

The limiting wall values and Cf are listed in Table 1. In the
case of Cf, all model predictions are similar and in good agree-
ment with DNS data. On the other hand, the prediction of
k+/e+y+2 varies from 0.48 to 0.5. The correct value is given
by the improved k-e model. As pointed out above, the im-
proved k-e model gives the most correct prediction of ak and
hence ew. The other model calculations are substantially lower
than the DNS data. Since the prediction of u+ by all models
examined are essentially identical, the predicted values of auv
do not vary widely like those of ak. The calculated auv are low
compared to the DNS data of Ref. 26, however, they are in
good agreement with the values of Refs. 18 and 28. In sum-
mary, it could be said that the improved k-e model gives a
correct and internally consistent prediction of the near-wall
flow in flat-plate boundary layers.

Further evidence in support of this conclusion can be gleaned
from the asymptotic plots of k+ vs y+2, k+/e+ vs y+2, and
-uv+ vs y+3. These are given in Figs. 5-7. The k-a) results

= 0.5

o Spalart26

—— Improved k-e
Myong and Kasagi2

----- Speziale et al.25

Fig. 6 Asymptotic behavior of k+/e+ (R0 = 1410).

are not plotted for reasons stated above, while the inferred
result of k+/e+ from Ref. 26 is also shown in Fig. 6 for com-
parison. According to Fig. 5, the range in which the slope of
k+ vs y+2 remains constant is about 0 ̂  y + ^ 5 for the k-e24

and k-i25 models and about 0 ̂  v+ < 4 for the improved k-e
model. However, it should be noted that both the slope and
the distribution of k+ within the range 0 ̂  y+ < 10 is essen-
tially independent of Re for the improved k-e model but not
so for the other models. This can be seen from the calculated
ak for the high Re case (Table 2). Furthermore, when the k+

vs y+2 curves for the high Re case are plotted in Fig. 5, the
improved k-e model curve coincides with the present one
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Table 2 Comparison of calculated wall properties with data for the R0 = 16,465 case

Data/Closure Cf x 103 auv x 104

Data of Weighardt and
Tillman27 and Patel et al.22

Improved k-s
k-e (Myong & Kasagi24)
k-T (Speziale et al.25)
k-<o (Wilcox29)

2.43

2.47
2.46
2.44
2.44

0.025 to 0.05

0.107
0.054
0.044

—

_

7.32
7.54
6.7
—

—

0.50
0.49
0.49
—

IS

Improved k-c
Myong and Kasagi2"

• Speziale et al.25

a u v x10 4 = 7.18

a, x 10" = 6.30

Fig. 7 Asymptotic behavior of -uv+ (Ra = 1410).

while other model calculations show a deviation as early as
y+ = 2. In order to avoid clutter, these high Re curves are
not shown in Fig. 5. The same is also true of the distributions
given in Figs. 6 and 7. This Reynolds number independence
behavior of the present model is consistent with DNS data26

and suggests that essential near-wall physics has been properly
accounted for in the present model. Other two-equation models
are Reynolds number dependent in the near-wall region and,
thus, fail to capture near-wall physics properly. The most
convincing evidence that the improved k-e model is more
correct in the near-wall region and asymptotically consistent
is illustrated in Fig. 6. In this plot, it can be seen that the
present prediction of k+ls+ is in excellent agreement with
DNS data up to y+ = 7. However, other model calculations
are substantially lower than DNS data and the deviation starts
as early asy + = 1. Finally, the slope of — uv+ vsy+3 remains
constant up to y+ — 4 for the improved k-e model and to
about y+ - 3 for the other models (Fig. 7).

The improved k-e model calculation of the k budget in the
near-wall region is shown in Fig. 8 for comparison with DNS
data.26 Other results are not shown because their predictions
of e in the near-wall region are incorrect, both qualitatively
and quantitatively. In this figure, only the viscous (£>£) and
turbulent (Dl} diffusion of k, the production (Pk) of k, and
the dissipation (- e) of k are plotted. Since the convection of
k is approximately zero in the near-wall region, it is not shown
in Fig. 8. At the wall, viscous diffusion balances dissipation.
This balance extends to about y+ = 2. In the region, 2 <
y + < 15, all four terms are of equal importance. Beyond
y+ = 15, the turbulence is in local equilibrium, that is, pro-
duction of k balances the dissipation of A:. A maximum Pk of
0.25 is predicted at y + = 9.4, which compares favorably with
DNS data of 0.246 at y+ = 10.4. The distribution of Dv

k is
equally well predicted as evidence by the calculated minimum
of Dl = -0.1 at y+ = 7.0 compared to DNS data of Dv

k =
-0.075 at y+ = 7.5. Even though gradient transport is as-
sumed for turbulent diffusion, the model calculation of Dk is
in good agreement with data. The maximum is predicted to

-0.1-
0
3
J
-0.2-

Data of Spalart 2l

Fig. 8 The budget of k in the near-wall region (Re = 1410).

be 0.091 at y+ = 5.0. This compares with DNS data of 0.06
at the same y +. Therefore, it can be said, with the exception
of the quantitative near-wall prediction of e, the budget of k
is in excellent agreement with DNS data. This comparison
further shows that the equilibrium turbulence assumption is
applicable for y+ > 15 and is consistent with DNS data.18'26

The high Re case is presented next. Plots of the mean ve-
locity in terms of u+ vs &y+ are shown in Fig. 9, while the
near-wall plots of k+, e +, and - uv+ vs y+ are given in Figs.
10-12. The calculated values at the wall including the skin
friction coefficient Cf are listed in Table 2. Even though the
measured ak are also listed, it should be noted that they are
substantially lower than the values quoted in Refs. 18, 26,
and 28. The values quoted in Table 2 were not obtained using
state-of-the-art diagnostic techniques, therefore, they were
subjected to large measurement errors28 and are not to be
trusted in a strict sense. Such sentiments have also been ex-
pressed by the investigators of the experimental work col-
lected in Ref. 22. In view of this, a comparison of ak with
measurements should be made with caution.

The following conclusions can be drawn from these com-
parisons. First and foremost, the mean velocity distribution
is not too sensitive to the proposed near-wall correction (Fig.
9). As a result, the u+ vs &y + plots for the four models listed
in Table 2 are essentially identical and the log region can
again be described by Eq. (14). In this case, K is determined
to be 0.41, and the constant B is found to be about 5.0. These
values of K and B are in excellent agreement with measure-
ments. Second, the distributions of k+, e +, and - uv+ beyond
y+ = 100 are essentially the same; thus, indicating that the
near-wall correction to De has little or no effect on the be-
havior of k +,e + , and -uv+ beyond y+ = 100 (Figs. 10-12).
However, it does affect the predicted maximum values of k+



DECEMBER 1991 NEAR-WALL MODELING OF THE DISSIPATION RATE EQUATION 2075

Improved k-e
Myong and Kasagi24

Speziale et al.25

0 1 2 3 4 5 6 7 8 9

lny+

Fig. 9 Calculated mean velocities in semilog plot (R0 — 16,465).
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16,465).
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Fig. 10 Comparison of the calculated k in the near-wall region (Re =
16,465).
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Fig. 12 Comparison of the calculated shear stress in the near-wall
region (Re = 16,465).

and e+. Even though the maximum k+ calculated by the
improved k-e model is the highest among the four models
compared, it is consistent with the mean curve drawn through
all the data collected in Ref. 22. Third, the near-wall correc-
tion significantly affects the behavior of e+ (Fig. 11) but much
less so the behavior of k+ and — uv+ (Figs. 10 and 12) in the
region 0 ̂  y + < 20. Fourth, the value of ak and hence e+ =
2ak is very much affected by the proposed near-wall correction
(see Table 2). The improved k-e model gives a value of ak
that is more consistent with DNS data and substantially higher
than measurements. On the other hand, there is not much
difference in the calculated auv and the near-wall distributions
of —uv+ are essentially the same for the three model cal-
culations shown in Fig. 12. Fifth, the calculated k+/e+y+2 is
exactly 0.5 for the improved k-e model and suggests that it is
the most internally consistent model among the four examined
(see Table 2). Finally, the near-wall distribution of e+ is very
much influenced by the proposed near-wall correction. The
present improvement gives a maximum e+ at the wall while
the others give a maximum e+ away from the wall (Fig. 11).
Furthermore, the models of Refs. 24, 25, and 29 predict the
location where the maximum e+ occurs to be at about y+ =
10, which is approximately coincident with the location of the
e+ plateau in the present calculation (Fig. 11).

V. Conclusions
The near-wall behavior of several modeled e equations has

been examined. It is found that all equations studied give
fairly good predictions of e+ down to y+ = 30. However,

their calculations of e + in the region 0 < y + < 30 are incorrect,
both qualitatively and quantitatively. The cause of this dis-
crepancy is traced to the e equation, in particular, the incor-
rect near-wall behavior of the models proposed for the dis-
sipation term in the equation. Various near-wall corrections
have been proposed for the dissipation term, however, none
gives a satisfactory prediction of e+ in the near-wall region.
In this study, a new near-wall correction for the dissipation
term in the e equation has been proposed. It is derived using
the concept of near-wall coincidence of e proposed by Shima.6
Two model constants are introduced. One could be deter-
mined exactly by applying the coincidence condition, while
the other constant is determined by requiring the near-wall
behavior of e+ to mimic DNS data.

The improved k-e model is then used to calculate flat-plate
boundary-layer flows that span a large range of Re. Calculated
results are compared with measurements, DNS data, and the
predictions of three different two-equation models. The com-
parisons show that the predictions of all four models are very
similar far away from the wall and in good agreement with
measurements and DNS data. In the near-wall region, the
predictions, in particular those of e +, disagree with each other
and with DNS data. Only the improved k-e model is capable
of predicting the near-wall behavior of e+ correctly from a
qualitative standpoint. That is, e+ is calculated to reach its
maximum at the wall, rather than away from the wall. All
other models studied give a maximum away from the wall.
The improved k-e model overestimates the maximum k+

slightly, while other models underpredict the maximum k +

substantially. Another feature of the improved k-e model is
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that its predicted near-wall properties are Reynolds number
independent while other model calculations are not. The near-
wall Reynolds number independence character is consistent
with DNS data. Furthermore, the present prediction of k+l
s+y+2 is exactly equal to 0.5 and its distribution is in excellent
agreement with DNS data up to y+ = 7. Therefore, this
suggests that the improved k-s model is internally more con-
sistent than other two-equation models examined.
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